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Abstract  

The effective block algorithm for mathematical treatment of problematic systems of initial value problem was 

established and examined in this research. All the conditions are valid when examining the conditions that 

satisfied the properties of the scheme.  The third order problematic differential equations are directly solved 

and relate with the schemes developed in literature, the results are evidently shows better performance than 

those researchers in literature. 
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Introduction  

 This research is based on approximating a class of the 

problematic system given by 

        tytytytytfy ddd ,,,',, 1         (1)  

In order for (1) to have a unique solution, certain conditions 

need to be imposed at the initial point as  

    110,  dsay s

s            (2) 

In this research, we proposed the approximation of third 

order initial value problem where some researcher reduced 

(1) to ordinary differential equation of first order before 

approximating it, however, this process can only 

approximate the mathematical solution one by one and time 

constraint (Spiegel 1971, Lambert 1973, Awoyemi 1990, 

Donald, Yusuf & Dominic 2015, Jaun 2002). 

Now to avoid these challenges, (Sabo Bakari & Babuba 

2021, Raymond, Skwame & Lydia 2021, Kyagya, 

Raymond & Sabo 2021, Adoghe & Omole 2019, Kuboye, 

Elusakin & Quadri 2020, Adeyeye & Omar 2019, Sabo, 

Skwame & Donald 2022) in literature, proposed a method, 

to solve (1) without reduction process. 

The advantage of this research is to address the challenges 

in predictor-corrector process and reduction process. 

(Olabode & Yusuph 2009, Donald et al., 2021, Olabode 

2013) proposed schemes for handling (1) straight forward, 

the process of developing separate predictor is not involved 

and does not requires more functions to evaluate step by 

step. 

(Spiegel 1971, Awoyemi 1990, Donald, Yusuf & Dominic 

2015, Jaun 2002, Sabo Bakari & Babuba 2021, Omar & 

Suleiman 1999, Sabo, Kyagya & Solomon 2021) later 

developed block methods for the direct treatment of (1). 

Material and Mathematical Algorithm 

The algorithm for treating (1) is derived using Linear Block 

Algorithm (LBA). Theorem one and two showed the stages 

to develop the block algorithm. The algorithm lead the 

model of considering the general form of the algorithm 

while following one by one to yield the expected block 

algorithm for treating third order initial value problem 

(Spiegel 1971). 

Theorem one is used to yield the block algorithm using  
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Obtain the first and second derivative schemes of the block method from Theorem two as   
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PAi

1  and QAai

1  where 
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solving the above equation one by one to yield 

1,,,,,,0, wvunmss   

Put the polynomial thxx s   , in (3) to yield  
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Evaluating the schemes of (5) at all points we obtain equations (6), (7) and (8) as shown in tables below 
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Table 1. Coefficient of the first scheme of (5) which evaluated at all points as 

 

 

Table 2. Coefficient of sj' and sj'  for the second scheme of (5) which evaluated at all points as 
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
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Table 3. Coefficient of sj'' and sj''  for the third scheme of (5) which evaluated at all points as 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Numerical Conditions that Satisfied the Properties 

Here the properties to confirm the convergence of the method will examine.  It is known that for a scheme to converge, the 
consistency and zero-stability must be fulfilled (Lambert 1973). 

we use the linear operator   hxyL :  as 

      
 
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0
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!
:      (6) 

To find the order and error constant of the method, the Taylor series of  mm YFandY  is expanded on (6) and relate the 

terms of h  to yield 

               


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110 ':  (7) 

Definition 3.1: L  is called the linear operator, which is associate with block method are supposed to be of order p  if 

332110 .0,0   ppppp CCCCCCC   is called the error constant and implies that the truncation error 

is given by   433

3 0 
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The operator is then expanded using Taylor series to yield
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 the coefficient of h  is compared, according to (Raymond, Skwame & Lydia 2021) the method is found to uniformly order six, 

while the error constant are found individually as  

 777777 101.7131,101.7171,101.7160,101.7167,101.7159,101.7180    

Traditionally, the method is consistent because the order of the method is order greater than or equal to one. 

By definition, the method is said to be zero stable as 0h  if the roots of the polynomial   0r  satisfy 

  ,110  kRA and those roots with R = 1 must be simple. 

Hence according to [8] it’s found as 
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Then, solving for  r in  16 rr , 

gives 1,0,0,0,0,0r . Therefore, the method is zero stable. 

According to the theorem of Dahlquist, the scheme is convergent, for the consistency and zero-stability are analyzed and fulfilled 

(Dahlquist 1959). 
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Mathematical computation of the method 

The following sampled models are carefully use for presenting the accurateness of the scheme with the previous schemes of 

(Kuboye & Omar 2016, Areo & Omojola 2017, Adeyeye & Omar 2018, Fasasi 2018, Omar, Abdullahi & Kuboye 2016, 

Adesanya, Udoh & Ajileye 2013). 

The following notations will be used in the table below. 

KO16 means error in Kuboye & Omar 2016 

AO17 means error in Areo & Omojola 2017 

AO18 means error in Adeyeye & Omar 2018 

F18 means error in Fasasi 2018 

OAK16 means error in Omar, Abdullahi & Kuboye 2016 

AUA13 means error in Adesanya, Udoh & Ajileye 2013 

Sample one is the highly non-stiff third order problematic differential equation considered by (Kuboye & Omar 2016, Areo & 
Omojola 2017, Adeyeye & Omar 2018, Fasasi 2018) 

        1.0,50'',10',30,exp'''  hyyyty  

while the actual result is 

    tetty  212  

Table one present the outcomes for solving sampled problem one 

t Actual Result Calculated Result Error in 

our method 

AO17 KO16 AO18 F18 

0.1 3.12517091807564762480 3.12517091807564761800 6.8000e-18 2.6645e-15 2.2205e-15 6.3427e-13 4.4090e-16 

0.2 3.30140275816016983390 3.30140275816016979490 3.9000e-17 4.4409e-16 1.4211e-14 2.3288e-12 8.8818e-16 

0.3 3.52985880757600310400 3.52985880757600298670 1.1730e-16 3.1086e-15 3.6415e-14 5.4435e-12 2.2205e-15 

0.4 3.81182469764127031780 3.81182469764127005280 2.6500e-16 6.6613e-15 6.8390e-14 9.8532e-12 3.5527e-15 

0.5 4.14872127070012814680 4.14872127070012763960 5.0720e-16 9.7697e-15 1.0925e-13 1.5997e-11 5.3251e-15 

0.6 4.54211880039050897490 4.54211880039050810260 8.7230e-16 2.0428e-14 1.6076e-13 2.3722e-11 7.9936e-15 

0.7 4.99375270747047652160 4.99375270747047513080 1.3908e-15 2.1316e-14 2.2116e-13 3.3568e-11 1.3323e-14 

0.8 5.50554092849246760460 5.50554092849246550720 2.0974e-15 1.8652e-14 2.9221e-13 4.5344e-11 1.9540e-14 

0.9 6.07960311115694966380 6.07960311115694663400 3.0298e-15 2.2205e-14 3.6948e-13 5.9708e-11 2.7534e-14 

1.0 6.71828182845904523540 6.71828182845904100560 4.2298e-15 2.1316e-14 4.6718e-13 7.6432e-11 3.3571e-14 

Basis [AO17, KO16, AO18 and F18]. 

Sample two is the highly non-stiff third order problematic differential equation considered by (Areo & Omojola 2017, Adeyeye 

& Omar 2018, Omar, Abdullahi & Kuboye 2016).  

      1.0,10'',10',10,'''  hyyyyy  

while the actual result is 

   tty  exp  

Table two present the outcomes for solving sample two 

t Actual Result Computed Result Error in 

our Method 

OAK16 AO18 AO16 

0.1 0.90483741803595957316 0.90483741803595956712 6.0400e-18 3.5442e-11 5.2181e-13 6.0396e-14 

0.2 0.81873075307798185867 0.81873075307798182512 3.3550e-17 5.3218e-11 1.9342e-12 4.7196e-13 

0.3 0.74081822068171786607 0.74081822068171776941 9.6660e-17 1.3712e-09 4.3127e-12 1.5618e-12 

0.4 0.67032004603563930074 0.67032004603563909264 2.0810e-16 8.4438e-09 7.4462e-12 3.6204e-12 

0.5 0.60653065971263342360 0.60653065971263304428 3.7932e-16 2.9737e-08 1.1436e-11 6.9109e-12 

0.6 0.54881163609402643263 0.54881163609402581209 6.2054e-16 7.8367e-08 1.6124e-11 1.6667e-11 

0.7 0.49658530379140951470 0.49658530379140857399 9.4071e-16 4.3298e-05 2.1614e-11 1.8098e-11 

0.8 0.44932896411722159143 0.44932896411722024376 1.3477e-15 9.6716e-05 2.7797e-11 2.6384e-11 

0.9 0.40656965974059911188 0.40656965974059726386 1.8480e-15 1.6111e-04 3.4785e-11 3.6683e-11 

1.0 0.36787944117144232160 0.36787944117143987439 2.4472e-15 2.3725e-04 4.2511e-11 4.9122e-11 
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Basic [OAK16, AO18 and AO16]. 

Sample three is the homogeneous third order problematic differential equation considered by (Areo & Omojola 2017, Adesanya, 
Udoh & Ajileye 2013). 

      1.0,20'',10',00,''''  hyyyyy  

while the actual result is 

    ttty sincos12   

Table three present the outcomes for solving sample three 

g Actual Result Computed Result Error in our 

Method 

AUJ13 AO17 

0.1 0.10982508609077662011 0.10980685250209750181 1.8234e-05 1.6613e-12 1.1177e-10 

0.2 0.23853617511257795326 0.23842932363423049866 1.0685e-04 7.5411e-12 9.3348e-10 

0.3 0.38484722841012753581 0.38484722841013871413 1.1178e-14 1.3843e-09 3.2775e-09 

0.4 0.54729635430288032607 0.54729635430288058082 2.5475e-16 4.5006e-09 8.0524e-09 

0.5 0.72426041482345756807 0.72426041482345808858 5.2051e-16 1.0520e-08 1.6249e-08 

0.6 0.91397124357567876270 0.91397124357567967928 9.1658e-16 1.9715e-08 2.8912e-08 

0.7 1.11453331266871420120 1.11453331266871566160 1.4604e-15 3.2968e-08 4.7125e-08 

0.8 1.32394267220519191980 1.32394267220519408470 2.1649e-15 5.0419e-08 7.1985e-08 

0.9 1.54010697308615447550 1.54010697308615751340 3.0379e-15 7.2608e-08 1.0458e-07 

1.0 1.76086637307161707180 1.76086637307162115380 4.0820e-15 9.9511e-08 1.4596e-07 

Basic [AUJ13 and AO17]. 

Summary and Conclusion 

The effective algorithm on mathematical treatment of order 

three problematic systems was established and examined in 

this research. On the process of examining the conditions 

that satisfied the properties of the method, we have 

discovered that all the conditions are valid. The highly non-

stiff and homogeneous third order problematic systems of 

differential equation are directly solved and relate with the 

method developed by (Kuboye & Omar 2016, Areo & 

Omojola 2017, Adeyeye & Omar 2018, Fasasi 2018, Omar, 

Abdullahi & Kuboye 2016, Adesanya, Udoh & Ajileye 

2013) in this research, obvious result shows better 

convergence than that of (Kuboye & Omar 2016, Areo & 

Omojola 2017, Adeyeye & Omar 2018, Fasasi 2018, Omar, 

Abdullahi & Kuboye 2016, Adesanya, Udoh & Ajileye 

2013) in literature. Hence direct solution of higher order 

problematic equation has advantages over reducing (1) to 

equation of order one. 
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